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IMAGE OF THE MAXIMAL IDEAL IN THE EXTENSION OF QP BY
P-ADIC LOGARITHM
ABSOS ALI SHAIKH1 AND MABUD ALI SARKAR2
Abstract. The objective of this paper is to find out the image of the maximal idealmk = piOk
of the ring Ok in the finite cyclotomic extension Qp(ζp) of Qp under p-adic logarithmic series
induced by the 1-dimensional formal group law and to identify the image with a group structure.
Our main motivation in this paper is to identify the image of the elements that belongs to
(1 +mk) but does not belong to (1 +m
2
k) i.e., image of the annular region under the p-adic
logarithmic series due to the 1-dimensional formal group law.
1. introduction
First we recall some basic properties of formal groups and formal group laws.
Definition 1.1. [1] Let R be a ring. A formal group F over R is a power series F (X, Y ) ∈
R[[X, Y ]] with the following properties
(i) F (X, Y ) = X + Y + higher degree term,
(ii) F (X,F (Y, Z)) = F (F (X, Y ), Z).
If in addition F (X, Y ) = F (Y,X) holds then F is called commutative. The commutativity
property comes trivially as long as R has no elements that are both torsion and nilpotant. We
call F (X, Y ) the formal group law of F.
Let F be a formal group law over a ring R. Then then the identity and inverse axiom
hold, that is, F (X, 0) = X and F (0, Y ) = Y, and there is a unique power series ι(T ) ∈ R[[T ]]
such that F (X, ι(X)) = F (ι(Y ), Y ) = 0. Example, the one dimensional formal additive group
defined by F (X, Y ) = X + Y and the one diemsional formal multiplicative group is defined by
M(X, Y ) = X + Y +XY. Next we discuss maps between formal group laws.
Definition 1.2. Let F, F ′ be two formal group laws over the ring R A homomorphism φ : F →
F ′ over R is a power series having no constant term φ(T ) ∈ R[[T ]] satisfying
φ(F (X, Y )) = F ′(φ(X), φ(Y )).
0
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If further there exists another homomorphism ψ ∈ R[[T ]], ψ : F → F ′ such that
φ(ψ(T )) = ψ(φ(T )) = T,
then we say that F and F ′ are isomorphic over R while φ is an isomorphism over R.
Definition 1.3. [2] An invariant differential on a formal group F over R is a differential form
ω(T ) = p(T )dT ∈ R[[T ]]dT that satisfies p(F (T, S))FX(T, S) = p(T ), where FX(X, Y ) is
the partial derivative with respect to its first variable. An invariant differential is said to be
normalised if p(0) = 1.
Let F be a formal group over R with formal group law F (X, Y ). Then there exists a unique
normalized invariant differential on F given by the formula
ω(T ) = FX(0, T )
−1dT.
Proposition 1.1. [2] The formal group law F induces the formal logarithmic series L given by
L(T ) = logF (T ) =
∫ T
0
ω(τ) = T +
a2
2
T 2 +
a3
3
T 3 + · · · ∈ R[[T ]],
satisfying L(F (X, Y )) = L(X) + L(Y ).
Fix p(T ) = FX(0, T )
−1 = 1+ a2T + a3T
2+ · · ·R[[T ]], then using the above proposition (1.1),
we get
L(T ) = logF (T ) =
∫ T
0
p(T )dT = T +
a2
2
T 2 +
a3
3
T 3 + · · · ∈ R[[T ]],
which is the formal logarithm due to the formal group law F (X, Y ).
Now the important thing is that if R is a local and complete ring with maximal ideal M
of R and if the variables are assigned values in the maximal ideal M. Then the power series
defining the formal group converge and hence it gives a group structure on M.
Let us consider the p-adic field Qp, which is a complete local ring and its finite extension k.
Let Ok be the ring of integer in k and mk = piOk be the maximal ideal in Ok, where pi is an
uniformizer. Naturally, it is taken as either pi = p−1
√−p or pi = ζp − 1, for some pth root of
unity.
Now we selectively consider the one dimentional multiplicative formal group law M(x, y) =
x + y + xy over the ring of integers Ok = Zp[ζp], which is the ring of integer of Qp(ζp). Then
it can be checked easily that ω(x) = dx
1+x
is the invariant differential for M(x, y) = x + y + xy
and hence the corresponding logarithmic series L is obtained by
L(x) = logM(x) =
∫ x
0
ω(t)dt =
∫ x
0
dt
1 + t
= x− x
2
2
+
x3
3
− · · · ,
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which satisfies L(M(x, y)) = L(x)+L(y). This logarithmic series is called as the p-adic logarithm
and is denoted by
L(x) = logM(x) = logp(1 + x) = x−
x2
2
+
x3
3
− · · · ∈ mk.
This p-adic logarithmic series converges on the maximal ideal mk. We will note down the
following lemma:
Lemma 1.2. Let k be a finite extension of Qp, and n = [k : Qp]. If k is totally ramified over
Qp, so that e
k
Qp
= n, then k = Qp(pi), where pi is root of a Zp-Eisenstein polynomial of degree n.
Conversely, if k = Qp(pi) and pi is a root of Zp-Eisenstein polynomial, then k is totally ramified
over Qp.
Proof. First, if k is totally ramified of degree n over Qp, there must be an element pi of k such
that v(pi) = 1
n
. Consider the minimal polynomial f(X) for pi over Qp, say of degree l, with
necessarily l|n. That is, [Qp(pi) : Qp] = l, and according to our rule of how to extend v to fields
containing Qp, we get
v(pi) =
v
(
NQp(pi)Qp
)
l
,
a number that is greater than 1
n
unless l = n and the numerator is equal to 1, where v is the
valuation function and N is the norm of the field extension. So pi generates the field k, and
the constant term of its minimal polynomial is a prime of Zp. For all the other coefficients are
in pZp, by Hensel’s Lemma the polynomial would fail to be irreducible.
The converse argument is much easier. Eisenstein means that the minimal Qp− polynomial
for pi is Xn + pan−1X
n−1 + · · · + pa1X + pa0, with all ai ∈ Zp and v(a0) = 0. In particular,
NQp(pi)Qp = ±pa0, so that the valuation of the norm is 1, from which v(pi) = 1n . 
We note down another Lemma as follows:
Lemma 1.3. The extension Qp(ζp) ⊃ Qp is totally ramified, of degree p− 1.
Proof. Since ζp is a root of X
p − 1 = (X − 1)(Xp−1 +Xp−2 + · · ·+X + 1), it is also true that
pi = ζ − 1 is a root of the corresponding polynomial
(X + 1)p − 1 = X((X + 1)p−1 + (X + 1)p−2 + · · ·+ (X + 1) + 1),
in which the second factor evidently has constant term p, and which is congruent modulo p to
Xp, since over Fp, (X + 1)
p = Xp + 1.
Thus the minimal polynomial for pi = ζ − 1 is Eisenstein and irreducible by Lemma (1.2). 
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Next we prove an important lemma as follows:
Lemma 1.4. Let k be a finite extension of Qp, with ring of integers O = Ok and maximal ideal
m = mk. Let also F be a formal group over O. Then the set m becomes a group under F , via
the law of combination α +F β = F (α, β)
Proof. The proof is obvious using the previous definitions and basic properties of formal group
laws. The only thing need to ensure is the convergence of the infinite series implied in the
formula F (α, β), which follows from the completenes of m under m−adic topology. 
Our aim is to what happens if we plug the maximal ideal mk into the p-adic logarithmic
series defined above and more importantly what is image of the maximal ideal mk the p-adic
logarithm ?
We have investigated the answer of this question and showed that
logp((1 +mk)− (1 +m2k)) = m2k.
The outline of the paper is as follows. In section 2 we have proved the main result. we have
used Hensel’s Lemma, Fermat’s little theorem and the uniformizer pi = p−1
√−p as tools, which
is our main motivation of this paper. The paper ends with the conclusion.
2. Main Results
Consider a finite extension k of the p-adic field Qp. I have more specifically considered the
cyclotomic extension k = Qp(ζp) of p-adic field Qp, where ζp is primitive p
th root of unity. Let
pi be a uniformizer and then mk = (pi) is the maximal ideal of Zp[ζp] and mk = piZp[ζp]. What
is the image of the maximal ideal mk under the p-adic logarithm L(x) =
∑∞
n=1(−1)n−1 x
n
n
? The
p-adic logarithm is an isometry between the additive group of elements with |x| < (1
p
)
1
p−1 and
the multiplicative group of elements of the form 1 + y with |y| < (1
p
)
1
p−1 . Given that mk is the
maximal ideal of Qp(ζp) and further it can be shown that the following chain
mk ⊃ m2k ⊃ m3k ⊃ · · · · · · ,(1)
1 +mk ⊃ 1 +m2k ⊃ 1 +m3k · · · · · ·(2)
holds. Now the power series for the p-adic logarithm is defined only on 1+mk ⊂ Qp(ζp) and mk
contains elements of exact size (1
p
)
1
p−1 . If we restrict ourselves on 1+m2k, then the work becomes
solvable because using homomorphism and isometry property of p-adic logarithm L(x), it can
be shown that logp(1 +m
2
k) = m
2
k.
Also in the next Theorem (2.1), we have proved that L(mk) = logM(mk) = logp(1+mk) = m
2
k.
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But the task becomes complicated and mysterious for the annular region i.e., for those
u ∈ 1 +mk but u /∈ 1 +m2k.
So the interesting question is now becomes-
†How does the p-adic logarithmic series treat the elements of 1 +mk that are not in 1 +m
2
k ?
There is an intersting technique to answer this question which we proved in the Theorem (2.2).
Theorem 2.1. The image of 1+mk under p-adic logarithm obtained from the one dimensional
multiplicative formal group over the ring of p-adic integer Zp is m
2
k, which is a subgroup of the
group mk under the formal group law M .
Proof. Let us define
U (1) = 1 +mk = 1 + piZp[ζp], U
(2) = 1 +m2k = 1 + (piZp[ζp])
2
and in general U (n) = 1 +mnk , the n
th unit group for n ≥ 1. We also denote the group of units
by U (0).
Now we start with the target to find the image of U (1) − U (2) under p-adic logarithm induced
by 1-dimensional formal group law but finally arrive at the conclusion that logp(1 + mk) =
logp(1 +mk), which will prove the theorem. Let’s go,
Since we are working on not only p-adic metric space but also on a group structure, in-
stead of considering U (1) − U (2), rather we consider the quotient group U (1)/U (2). So we have
logp U
(2) = m2k because from the above discussions we have logp(1 +m
2
k) = m
2
k. Let Ok be the
ring of integers defined by Ok = {x ∈ k : |x|p ≤ 1} and the residual field κk = Ok/mk be the
residual field of k = Qp(ζp). We can express U
(n) = {u ∈ U (0) = O∗k : u− 1 ∈ mnk}. Then U (0)
and U (n) are open and closed and compact in k∗ = (Qp(ζp))
∗ with induced topology. Hence we
have the following isomorphism of topological groups as follows:
(i) k∗/U (0) → Z defined by xU (0) → Vk(x), where Vk : k → Z∪{∞} is a valuation function
on k = Qp(ζp) and Vk(x) = n ∈ Z for the order of x.
(ii) U (0)/U (1) → κ∗k defined by ζvU (1) → gv where ζ is a primitive (q − 1)th root of unity in
k and g is a generator for κ∗k.
(iii) U (i)/U (i+1) → κk defined by u→ u− 1 for all i ≥ 1.
That is,
k∗/U (0) ≃ Z, U (0)/U (1) ≃ κ∗k, U (i)/U (i+1) ≃ κk, ∀i ≥ 1.
Now by Lemma (1.3) the cyclotomic extension Qp(ζp) of the local field Qp is totally ramified,
Fp = Zp/pZp = κk. This shows that U
(1)/U (2) ≃ Fp and hence the quotient group U (1)/U (2)
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has order p. Now we find a system of representatives of the quotient group U (1)/U (2). We take
pi = ζp − 1 as an uniformizer. Then ζp = 1+ pi ∈ U (1) − U (2) and hence the cyclic group 〈ζp〉 is
a subgroup of U (1), with 〈ζp〉 ∩ U (2) = (1). This implies that U (1) = 〈ζp〉 × U (2).
Therefore,
(3) logp U
(1) = logp
(〈ζp〉 × U (2)) = logp 〈ζp〉 ⊕ logp U (2).
Let Ωp is the field, the completion of the p-adic closure of p-adic field Qp and Ω
∗ is the group
of units in Ω. Now in Ω∗ the kernel of the p-adic logarithm is the set of nth roots of unity ζp
and hence logp(ζp) = 0. Thus from equation (3), we get
logp U
(1) = logp(1 +mk) = logp 〈ζp〉+ logp U (2) = 0 + logp U (2) = logp U (2).
i.e., logp(1 +mk) = logp(1 +m
2
k) = m
2
k.
i.e., logp(1 +mk) = m
2
k.
By Lemma (1.4), it is the subgroup of mk under the formal group lawM(x, y) = x+y+xy. 
Finally we solve the problem† with an interesting approach using the concept of Hensel’
Lemma, Fermat’s little theorem and uniformizer given in the following theorem. The following
theorem was our main motivation of this research paper.
Theorem 2.2. The image of (1 +mk)− (1 +m2k) under p-adic logarithm induced by the one
dimensional multiplicative formal group law is
{z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗} = m2k
.
Proof. At this step our target is to characterize the image of mk under the p-adic logarithm of
the elements of (1 +mk)− (1 +m2k). We know that the elements of Qp(ζp) can be represented
by their Hensel expansion. Then for u ∈ Qp(ζp), let
u =
∑
n≥n0
βnpi
n,
where pi is an uniformizer of the local field field Qp(ζp) and βn are taken from a complete set of
representative Rp, for example, Rp = {0, 1, 2, · · · , p− 1} or Rp = {ω(0), ω(1), ω(2), · · · , ω(p−
1)}, ω is the Teichmu¨ller character. The uniformizing parameter of local field Qp(ζp) is usually
taken as pi = (ζp − 1) or pi = p−1√−p. Also |pi|p =
(
1
p
) 1
p−1
or v′(pi) = 1
p−1
, weher v′ is the p-adic
valuation on Qp(ζp). Thus mk = Zp[ζp].
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Since u ∈ (1 +mk)− (1 +m2k), in the Hensel expansion of u, we have n0 = 0, β0 = 1, β1 6= 0.
Therefore,
u = 1 + β1pi + · · · , β1 6= 0.
Thus we can express the element u as u = 1 + piv with v ∈ (Zp[ζp])∗, where (Zp[ζp])∗ is the
multiplicative group of invertible elements in Zp[ζp], which itself is the ring of integers of Qp.
Hence from the definition of the above p-adic logarithm induced by one dimensional formal
group law, we have the below:
L(u) = logp(1 + piv) =
∞∑
n=1
(−1)n−1pi
nvn
n
.
Now we want to characterise those z ∈ Qp(ζp) such that
(4) z =
∞∑
n=1
(−1)n−1pi
nvn
n
, v ∈ (Zp[ζp])∗.
We will take the uniformizer pi of the local field Qp as pi = p−1
√−p, which is well suited for our
problem as it is a root of the polynomial x + x
p
p
. Then pi satisfies the polynomial and we get
pi + pi
p
p
= 0 i.e., pi = −pip
p
and hence
(5) vppi = −v
ppip
p
.
So by the above choice of the uniformizer pi and by using (4), we get the following:
∞∑
n=1
(−1)n−1pi
nvn
n
= piv − pi
2v2
2
+
pi3v3
3
− pi
4v4
4
+ · · · − pi
p−1vp−1
p− 1 +
pipvp
p
−
∑
n≥p+1
(−vpi)n
n
+ · · · · · ·
= piv − pi
2v2
2
+
pi3v3
3
− pi
4v4
4
+ · · · − pi
p−1vp−1
p− 1 +−v
ppi −
∑
n≥p+1
(−vpi)n
n
+ · · · · · ·
= (v − vp)pi − pi
2v2
2
+
pi3v3
3
− pi
4v4
4
+ · · · − pi
p−1vp−1
p− 1 −
∑
n≥p+1
(−vpi)n
n
+ · · · · · ·
It is interesting to note that power p disappeared. By Fermat’s little theorem vp ≡ v (mod p)
i.e., v−v
p
p
∈ Zp[ζp]. This implies v − vp ∈ pZp[ζp] ⊂ Zp[ζp]. Hence from (4),
z = −pi
2v2
2
+
pi3v3
3
− pi
4v4
4
+ · · · − pi
p−1vp−1
p− 1 + ppiZp[ζp].
So the first necessary condition is z = pi2y with y ∈ (Zp[ζp])∗ and the second necessary condition
is z ≡ −v2 mod piZp[ζp].
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Therefore our problem is now reduced to find the y ∈ (Zp[ζp])∗ such that
y = −v
2
2
+
piv3
3
− · · · − pi
p−3vp−1
p− 1 −
∑
n≥p+1
(−v)npin−2
n
, v ∈ (Zp[ζp])∗.
In other words the problem now becomes to find y ∈ (Zp[ζp])∗ such that the Taylor series
φ(t) = −y − t
2
2
+
pit3
3
− · · · − pi
p−3tp−1
p− 1 −
∑
n≥p+1
(−t)npin−2
n
have a zero at x0 ∈ (Zp[ζp])∗.
Now we show that the necessary conditions

z =pi2y
y ≡− v2 mod piZp[ζp], v ∈ (Zp[ζp])∗
is also sufficient. The problem is now reduced to a classical Hensel’s lemma.
Take y ≡ −v2 mod pi(Zp[ζp]) and consider the taylor series:
φ(t) = −y − t
2
2
+
pit3
3
− · · · − pi
p−3tp−1
p− 1 −
∑
n≥p+1
(−t)npin−2
n
∈ Zp[ζp][[t]],
whose radius of convergence is r = | 1
pi
|p =
(
1
p
) 1
p−1
> 1.
Notice that
φ′(t) ≡t mod piZp[ζp][[t]]
φ′(v) ≡v mod piZp[ζp]

⇒ φ′(v) 6≡ 0 mod piZp[ζp].
So we have managed the basic requirements of Hensel’s lemma as follows:


φ(v) ≡0 mod piZp[ζp],
φ′(v) 6≡0 mod piZp[[ζp]].
Right now using usual Newton approximation method or so-called Hensel’s lemma for p-adic
field, we prove that there exists x0 ∈ Zp[ζp] such that φ(x0) = 0 and x0 ≡ v mod piZp[ζp].
We shall construct a Cauchy sequence {x0,n}n∈N with x0,0 = v, and x0,1 = x0,0 + piz1 such that
φ(x0,0 + piz1) ≡ 0 mod pi2Zp[ζp] and z1 ∈ Rp. Therefore,
φ(x0,0 + piz1) = φ(x0,0) + piz1φ
′(x0,0) + (piz1)
2φ′′(x0,0) + · · ·
= φ(x0,0) + piz1φ
′(x0,0) mod piZp[ζp].
Thus if we choose
Rp ∋ z1 ≡ − φ(x0,0)
piφ′(x0,0)
mod piZp[ζp],
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then, it gives us
φ(x0,0 + piz1) ≡ 0 mod pi2Zp[ζp] and φ′(x0,0 + piz1) ≡ v mod piZp[ζp].
Now by recurrence we construct a sequence {x0,n} satisfying the recurrence hypothesis hn :
hn =


φ(x0,n) ≡0 mod pin+1Zp[ζp],
φ′(x0,n) ≡v mod piZp[ζp].
Right now we construct x0,n+1 = x0,n+pi
n+1zn+1 with zn+1 ∈ Rp, which satisfies the recurrence
hypothesis hn+1:
hn+1 =


φ(x0,n+1) ≡0 mod pin+2Zp[ζp]
φ′(x0,n+1) ≡v mod piZp[ζp]
or
hn+1 =


φ(x0,n + pi
n+1zn+1) ≡0 mod pin+2Zp[ζp]
φ′(x0,n + pi
n+1zn+1) ≡v mod piZp[ζp]
Now by Taylor’s expansion, we have
φ(x0,n + pi
n+1zn+1) = φ(x0,n) + pi
n+1zn+1φ
′(x0,n) mod pi
2n+2Zp[ζp].
Hence if we choose
zn+1 ≡ − φ(x0,n)
pin+1φ′(x0,n)
mod piZp[ζp], zn+1 ∈ Rp
then x0,n+1 satisfies hn+1 such that
hn+1 =


φ(x0,n+1) = φ(x0,n + pi
n+1zn+1) ≡0 mod pin+2Zp[ζp],
φ′(x0,n+1) = φ
′(x0,n + pi
n+1zn+1) ≡v mod piZp[ζp].
Thus the Cauchy sequence {x0,n}n∈N with limn→∞ x0,n = x0 exists and so we get φ(x0) = 0.
Therefore,
(
logp(1 + pi(Zp[ζ ])
∗)
)
= {z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗},
or
Image
(
logp(1 + pi(Zp[ζ ])
∗)
)
= {z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗}.
Hence as discussed above, we have
(1 +mk)− (1 +m2k)
L(x)−−−−−−−−−→
p-adic logarithm
{z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗}.
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Next we show that
(6) m2k = {z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗},
where mk = piZp[ζp].
We have m2k = (piZp[ζp])
2. Next we can express the RHS of (6) in the following way:
{z ∈ Zp[ζp]|z = pi2y, y ≡ −v2 mod piZp[ζp], v ∈ (Zp[ζp])∗} = pi2 ·
〈
ζ2p
〉 · (1 + piZp[ζp]) = m2k.
This proved the result. 
The result can be shown in terms of the following figure:
−1 −0.5 0 0.5 1
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
(1+mk)−(1+mk
2)
1+mk
2 1+mk
2
1+mk 1+mk
  logp  
Figure 2.1. The flow of p-adic logarithmic series
3. Conclusion
We have identified image of (1 +mk)− (1 +m2k) under the p-adic logarithm obtained from
the one dimensional multiplicative formal group law defined over the ring Zp of p-adic integer,
which was our main motivation in this paper.
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